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We study gravitational perturbations sourced by a rotating test shell collapsing into five-
dimensional Myers-Perry black holes in anti-de Sitter (AdS). Our attention is restricted to the
case in which the two possible angular momenta of the geometry are set equal. In this situation
the background is cohomogeneity-1, which amounts to a crucial technical simplification. It is found
that the linearized Einstein equations are consistent only when the test shell is corotating with the
spacetime. However, it is argued that this is a consequence of the matter on the shell being de-
scribed by dust or, more precisely, noninteracting test particles. We compute the mass and angular
momenta of the perturbed spacetime using a counterterm subtraction method, for which we provide
an explicit formula that has not appeared previously in the literature. The results are in agreement
with the expected expressions for energy and angular momenta of geodesic particles in AdS5.
PACS numbers: 04.70.Bw, 04.20.Dw
I. INTRODUCTION
Addressing rotation in the context of general relativity
is a notoriously difficult problem. Even when consider-
ing an isolated object, rotation deforms bodies away from
sphericity, explicitly introducing dependence on polar an-
gles. Conjugated with the nonlinearity of the theory,
this basic fact hampers attempts to analytically solve the
field equations unless some solution-generation technique
is applicable. Just to give an example from black hole
(BH) physics, it took roughly half a century to discover
the rotating generalization [1] of the four-dimensional
static black hole. Even when considering the lineariza-
tion around a given rotating solution, the issue of its
stability is far from trivial [2].
Nevertheless, rotation obviously plays a crucial role
in astrophysical systems. In the axisymmetric gravita-
tional collapse of stars the presence of an angular mo-
mentum can generate centrifugal forces strong enough to
prevent the formation of a black hole, leading instead
to a bounce. This phenomenon has been demonstrated
numerically [3, 4]; generically there is little analytic con-
trol over such collapses. A derivation of this effect, by
focusing on the dynamics on the equatorial plane, was
reported several years before in Ref. [5] but it made use
of some not entirely justified assumptions.
There is by now a vast literature on the subject of
gravitational collapse but it is almost entirely dedicated
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‡Electronic address: terence.delsate@umons.ac.be
to spherically symmetric scenarios (see, e.g. [6]). The
situation concerning collapse with rotation is much less
developed. A very useful approach, due to its simplic-
ity, is to consider collapsing shells of matter but, even
so, the inclusion of rotation typically impedes a full an-
alytic treatment of the problem. A few exceptions are
provided by Refs. [7, 8], which rely on a slow rotation
approximation. More recently, an interesting study by
Mann et al. [9] was able to tackle the problem exactly, at
the expense of considering three spacetime dimensions.
In this paper we investigate gravitational perturba-
tions induced by a collapsing shell of test particles
into a rotating black hole in five dimensions, with a
negative cosmological constant. This is the same ap-
proach adopted in [10], where perturbations of the three-
dimensional rotating black hole in anti-de Sitter (AdS) by
an in-falling circular ring of test particles were examined.
Here, however, we shall perturb the BH spacetime with a
continuous test shell preserving all the angular symmetry
of the five-dimensional background. In higher dimensions
there can be several independent angular momenta [11].
We take advantage of the fact that, in odd dimensions
(D ≥ 5), when all the angular momenta are equal — and
we restrict to this case — the rotating black hole geom-
etry is cohomogeneity-1 [12], allowing us to describe the
solution by functions of only one coordinate. The black
hole event horizon and all constant radial surfaces are
topologically odd-dimensional spheres. Such spaces can
be endowed with metrics that break isotropy but preserve
homogeneity and this was fruitfully used in Ref. [13] to
study vacuum gravitational collapse with rotation but in
a numerically less-demanding scenario. For simplicity, we
will consider the five-dimensional case, but, as discussed
in Sec. V, we expect that our results may generalize to
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2higher odd dimensions without much effort.
Our study can be regarded as an extension of an anal-
ysis by Zerilli (see Appendix G of Ref. [14]) to higher
dimensions and by the addition of two more parameters
(rotation and the cosmological constant). In the nonro-
tating case the metric perturbation can be expanded in
higher D spherical harmonics, which all decouple in the
linearized Einstein equations, and our results describe
the solution of the lowest harmonic, i.e., monopole per-
turbation. However, for nonvanishing spin of the back-
ground, the equations no longer decouple and our solu-
tion cannot be expected to describe the projection of the
perturbed metric onto the lowest angular harmonic (zero
mode) when the source breaks the angular symmetry of
the background.
The motivation for such a study is at least twofold.
First, the analysis of linearized perturbations allows us,
in principle, to identify the “energy” and “angular mo-
mentum” of a rotating test shell in five-dimensional,
asymptotically AdS spacetimes. This in turn determines
the variation of the charges of the spacetime caused by
each point particle. Such knowledge is essential to per-
form tests of the cosmic censorship conjecture [15] in such
spacetimes, by attempting to overspin extremal rotating
black holes with point particles as envisaged originally by
Wald [16] and extended recently to higher dimensions in
Ref. [17], and to spacetimes with a cosmological constant
in Refs. [10, 18, 19].
On the other hand, gravitational collapse in AdS space-
times has important implications for thermalization of
strongly coupled conformal field theories (CFTs) via the
gauge-gravity duality (see [20] for a review). In Ref. [21]
the fast thermalization process of a CFT (on a sphere)
perturbed away from the vacuum by a homogeneous
short pulse was inferred by following the spherically sym-
metric collapse of a scalar field into a black hole in the
holographic dual setting (see [22, 23] for related numeri-
cal works). It is naturally desirable to know whether the
inclusion of rotation has some impact on this picture,
as all of these studies rely on spherical symmetry. We
take a first step in this direction by computing the one-
point function of the holographically dual stress-energy
tensor, following the counterterm subtraction proposal of
Ref. [24].
The outline of the paper is as follows. In the next sec-
tion we briefly present the black hole geometries we shall
consider. In Sec. III we discuss the linearized Einstein
equations, the geodesics on this spacetime, and the stress-
energy tensor the test particles generate. These lin-
earized perturbation equations are then solved in Sec. IV
and the result is used to determine the variation of the
mass and angular momentum of the spacetime caused
by the test particles. We conclude in Sec. V with some
discussion and remarks. The appendixes gather several
technical details concerning gauge fixing and solving the
gravitational perturbation equations.
II. EQUALLY SPINNING BLACK HOLES IN
FIVE DIMENSIONS
In this section we gather the relevant details about five-
dimensional rotating black holes with a negative cosmo-
logical constant when both angular momenta are equal.
These spacetimes will serve as a background on top of
which we analyze linear perturbations in Sec. IV. These
black hole solutions in AdS5 were first presented in [25]
and have been extended to arbitrary dimensions D ≥ 4
in [26, 27], thus generalizing the well-known Myers-Perry
family [28] to include a cosmological constant.
In five spacetime dimensions one can pick two or-
thogonal planes of rotation. In general the solution is
parametrized by two independent angular momenta a1
and a2, in addition to a mass parameter M . As shown
in [12], when the rotation parameters are set equal,
a1 = a2 = a, the isometry group gets enhanced and the
solution becomes cohomogeneity-1. The geometry essen-
tially depends on a single radial coordinate only, and the
metric can be written as follows:
ds2 = −f(r)2dt2 + g(r)2dr2 + r2ĝabdxadxb
+h(r)2 [dψ +Aadx
a − Ω(r)dt]2 , (1)
where
g(r)2 =
(
1 +
r2
`2
− 2GMΞ
r2
+
2GMa2
r4
)−1
, (2)
h(r)2 = r2
(
1 +
2GMa2
r4
)
, Ω(r) =
2GMa
r2h(r)2
,(3)
f(r) =
r
g(r)h(r)
, Ξ = 1− a
2
`2
. (4)
In the above expressions ĝab represents the Fubini-Study
metric on the complex projective space CP 1, which is
isomorphic to the sphere S2, and A = Aadx
a is its Ka¨hler
potential:
ĝabdx
adxb =
1
4
(
dθ2 + sin2 θ dφ2
)
, A =
1
2
cos θ dφ . (5)
The above form of the metric (1) extends to all higher
odd dimensions D = 2N+3 [12]: this is made possible by
the fact that the sphere S2N+1 can be written as an S1
bundle over CPN . For the case D = 5 on which we con-
centrate, this corresponds to the familiar Hopf fibration.
The coordinate ψ parametrizes the S1 fiber and has pe-
riod 2pi. The two orthogonal rotation planes correspond
to θ = 0 and θ = pi in these coordinates, i.e., the rotation
planes are mapped to the poles of the S2.
This metric is a solution of the Einstein equations with
a negative cosmological constant,
Rµν = −4`−2gµν . (6)
The largest real root, r+, of g
−2 marks an event horizon
that possesses the geometry of a homogeneously squashed
3S3 (written above as its Hopf fibration). The mass M
and angular momentum J of the spacetime are given
by [12]
M = piM
4G
(
3 +
a2
`2
)
, J = piMa
G
. (7)
In the expressions above and in the rest of the
manuscript, we will use natural units, normalizing the
speed of light to c = 1, but we shall explicitly keep fac-
tors of the Newton constant G.
III. LINEARIZED GRAVITATIONAL
PERTURBATIONS
We are interested in investigating the consequences
of perturbing the background spacetime by a (compara-
tively light) in-falling membrane of test particles homo-
geneously distributed on the squashed S3. The meaning
of this will be made precise in Sec. III A. For now we
just remark that this situation preserves the full rota-
tional symmetry of the background [29], and, in partic-
ular, the equal angular momentum property. Of course,
stationarity is lost due to the presence of the in-falling
test particles.
For this study we will adopt the framework of lin-
earized perturbations. The perturbed metric is obtained
from the background metric gµν by
g˜µν = gµν + hµν . (8)
As mentioned previously, the background metrics we
shall consider are solutions of the sourceless cosmolog-
ical Einstein equations in five dimensions and reads
Gcµν ≡ Gµν −
6
`2
gµν = 0 . (9)
Here Gµν = Rµν − 12gµνR denotes the Einstein tensor,
Λ ≡ −4/`2 represents the (negative) cosmological con-
stant and ` is the AdS radius. The linearized perturba-
tion equations derived from (9) are the following [30, 31]:
2δGcµν ≡−∇2hµν + 2∇λ∇(µhν)λ −∇µ∇νh
+ gµν
(∇2h−∇α∇βhαβ)− hµνR
+ gµνhαβR
αβ − 12`−2hµν
=16piGTµν , (10)
where covariant derivatives are taken with respect to the
background metric and h ≡ gµνhµν denotes the trace of
the metric perturbation. Tµν is the stress-energy ten-
sor of the test particles that will drive the perturbation.
By virtue of the Bianchi identity, the stress-energy ten-
sor must be divergenceless to ensure consistency of equa-
tions (10). This occurs if and only if the source parti-
cles follow geodesics. These equations easily generalize
to higher spacetime dimensions.
Particularizing to the background vacuum solution (1),
the linearized perturbation equations become
−∇2hµν + 2∇λ∇(µhν)λ −∇µ∇νh
+gµν
(∇2h−∇α∇βhαβ)+ 8`−2(hµν − 1
2
gµνh
)
= 16piGTµν . (11)
In Sec. III B we will determine the generic form of the
stress-energy tensor for a shell of test particles that pre-
serves all of the angular isometries of the background.
As usual, diffeomorphism invariance of the theory im-
plies the existence of gauge freedom that can be used to
eliminate some terms appearing in the differential opera-
tor on the left-hand side of Eq. (11). Typically, the choice
of transverse traceless gauge is made, reducing the differ-
ential operator to the Lichnerowicz operator. However,
the expected form of the perturbation, i.e. one leading
to a shift of the mass and rotation parameters
M →M + δM , a→ a+ δa , (12)
in the region outside the shell is not consistent with such
gauge fixing. We will find it more convenient to make a
different gauge choice, one that preserves the symmetry
of the background. This is discussed in Appendix A.
A. Conserved quantities and geodesics
Consider a test particle moving along some geodesic
of the spacetime (1). The world line is described by
zµ(τ) = (T (τ), R(τ),Ψ(τ),Θ(τ),Φ(τ)), where τ is an
affine parameter. A rotating stationary spacetime speci-
fied by a metric tensor gµν possesses both time-like and
rotational Killing vectors, from which we can build three
conserved quantities,
E ≡ −gµν∂tµz˙ν = −dT
dτ
[
gtt + gtψ
dΨ
dT
+ gtφ
dΦ
dT
]
, (13)
Lψ ≡ gµν∂ψµz˙ν = dT
dτ
[
gtψ + gψψ
dΨ
dT
+ gψφ
dΦ
dT
]
, (14)
Lφ ≡ gµν∂φµz˙ν = dT
dτ
[
gtφ + gψφ
dΨ
dT
+ gφφ
dΦ
dT
]
, (15)
where the dot indicates derivation with respect to τ .
Now, note that
gtφ =
cos θ
2
gtψ , gψφ =
cos θ
2
gψψ ,
gφφ =
cos θ
2
gψφ +
r2 sin2 θ
4
, (16)
so a test particle whose motion lies entirely in the rotation
plane θ = 0 has Lφ =
1
2Lψ. Similarly, a test particle
whose motion lies entirely in the rotation plane θ = pi
has Lφ = − 12Lψ. These geodesics satisfy
Θ˙(τ) = Φ˙(τ) = 0 . (17)
4In fact, there exist geodesics obeying (17) for any value
of θ and φ. Such geodesics simply correspond to static
trajectories on the S2 and they have
Lφ =
cos θ
2
Lψ . (18)
Thus, to preserve the most amount of symmetry of the
background, in this work we will consider a membrane
of test particles homogeneously smeared over the S2,
with each point particle infalling radially. The particles
will also be homogeneously distributed over the S1 but
they will possess some rotation along the ψ direction (see
Fig. 1).
The remaining equations governing the test particle
trajectories are easily obtained by inverting (13) and (14)
and using gµν z˙
µz˙ν = − to obtain the radial equation
T˙ =
E − ΩLψ
f2
, (19)
Ψ˙ =
h2ΩE +
(
f2 − h2Ω2)Lψ
h2f2
, (20)
R˙2 = −− f
−2 [E − ΩLψ]2 + h−2L2ψ
g2
, (21)
where  = 1, 0 for time-like or null geodesics, respectively.
In these equations the metric functions f, g, h,Ω should
all be considered as functions of R(τ) instead of r.
In this work we will restrict to the case  = 0, cor-
responding to null geodesics that reach the time-like
boundary of AdS. Although it is not immediate how
to separately define the black hole and the test parti-
cle when the latter cannot be moved all the way out to
time-like infinity, one can nevertheless compute the effect
that the introduction of a test particle in the background
geometry has on the energy and angular momenta of the
spacetime. This will be done in Sec. IV.
B. The stress-energy tensor
For a single point particle of rest mass m0, the stress-
energy tensor is given by [14]
Tµν(pp) = m0
∫
δ(5)(x− z(τ))dz
µ
dτ
dzν
dτ
dτ , (22)
where, recall, τ denotes an affine parameter along the
worldline zµ(τ).
As mentioned before, we will perturb the background
spacetime with test particles homogeneously (and contin-
uously) distributed over both the S1 and S2. The stress-
energy tensor will thus be a function of the coordinates
t and r only, and it can be computed by a simple change
of variables. After performing the time integral and then
integrating over the angular coordinates (to yield Tµν(pp)
smeared over the squashed S3) we obtain [14, 32]
Tµν = 4m0ϑ
µν δ(r −R(t))
r3
, ϑµν ≡ dT
dτ
dzµ
dt
dzν
dt
. (23)
For massive particles the quantity m0 appearing in (23) is
the mass density of the test shell. For massless particles
the form (22) for the stress-energy tensor is still valid [30]
but the parameter m0 should then be interpreted as an
energy density throughout the shell. The covariant com-
ponents of the stress-energy tensor may be expressed as
follows:
ϑtt = −E
[
gtt + gtψ
dΨ
dt
]
, ϑtr = −E grr dR
dt
,
ϑtψ = −E
[
gtψ + gψψ
dΨ
dt
]
, ϑrr =
dT
dτ
g2rr
(
dR
dt
)2
,
ϑψψ = Lψ
[
gtψ + gψψ
dΨ
dt
]
, ϑrψ = Lψgrr
dR
dt
, (24)
ϑtφ = −E
[
gtφ + gψφ
dΨ
dt
]
, ϑrφ = Lφgrr
dR
dt
,
ϑψφ = Lψ
[
gtφ + gψφ
dΨ
dt
]
, ϑφφ = Lφ
[
gtφ + gψφ
dΨ
dt
]
.
The components ϑµθ all vanish. This stress-energy ten-
sor is traceless (Tµ
µ = 0) and conserved (∇µTµν = 0),
as is imposed by the Bianchi identities. Note that using
the relations
− E
[
gtψ + gψψ
dΨ
dt
]
= Lψ
[
gtt + gtψ
dΨ
dt
]
, (25)
−E
[
gtφ + gψφ
dΨ
dt
]
= Lφ
[
gtt + gtψ
dΨ
dt
]
, (26)
Lψ
[
gtφ + gψφ
dΨ
dt
]
= Lφ
[
gtψ + gψψ
dΨ
dt
]
, (27)
one can express ϑtψ in terms of Lψ and both ϑtφ and ϑψφ
in terms of Lφ.
IV. SOLVING THE LINEARIZED
PERTURBATION EQUATIONS
In this section we will solve the perturbation equa-
tions (11), with the stress-energy tensor given by
Eq. (23).
To this end, we begin by gauge fixing so that the metric
perturbation hµν takes a convenient form, similar to that
dictated by a (time-independent) shift of mass and angu-
lar momentum. Several perturbation components auto-
matically vanish, which simplifies the process of solving
the perturbation equations. Having a solution, we may
then infer the effect the test shell has on the spacetime,
namely by determining the change in the mass δM and in
the angular momentum δJ imputed on the background.
This was essentially the same strategy followed in the
much simpler (2 + 1)-dimensional case [10]. A similar
approach is followed in Ref. [31], though with a different
problem in mind.
We will first consider the fully nonrotating case, where
the background is static and the test shell infalls radially.
This is a instructive limit because it can be solved fully
5FIG. 1: Geodesics followed by individual test particles shown in arrowed red lines. The left panel shows the point particle
trajectories projected onto the three-dimensional space parametrized by spherical coordinates (r, θ, φ). The trajectories in this
space are radial. The right panel illustrates similar trajectories now projected onto the two-dimensional space parametrized by
polar coordinates (r, ψ). In both panels the location of the black hole event horizon, in black, and of the continuous shell of
test particles at a snapshot in time, in grey, are superimposed.
analytically and builds up some intuition for the rotating
case, which we address in a separate subsection.
In Appendix A it is shown that the metric perturbation
can be gauge fixed into the following form, possessing
only four independent components:
hµν =

htt 0 htψ 0
cos θ
2 htψ
0 g(r)4hrr 0 0 0
∗ 0 hψψ 0 cos θ2 hψψ
0 0 0 0 0
∗ 0 ∗ 0 cos2 θ4 hψψ
 . (28)
A factor of g(r)4 is inserted in the {rr} component for
convenience.
Therefore, we have a total of fifteen equations to solve
for only four functions (of t and r). Not all of Eqs. (11)
are linearly independent. In fact, there is only one dy-
namical equation that determines one of the nontrivial
perturbation components, say hψψ. The other compo-
nents are fixed by constraint equations. This is in agree-
ment with the appendix of reference [31].
A. The nonrotating case
In the nonrotating case (a = 0 and Lψ = 0) one can in
fact gauge fix so that htψ = hψψ = 0 (see Appendix A).
The metric perturbation has only two nontrivial compo-
nents: htt and hrr.
As mentioned above, in this special case one can solve
the linearized perturbation equations exactly. The sys-
tem of fifteen equations reduces to just four equations,
corresponding to components {tt}, {tr}, {rr},
3
(
r4 + `2r2 − 2M`2)
`2r5
∂r
[
r2hrr
]
=
64pim0E
(
r4 + `2r2 − 2M`2)
`2r5
δ(r −R(t)) , (29)
3`2r
r4 + `2r2 − 2M`2 ∂thrr = −
64pim0E `
2R′(t)
r (r4 + `2r2 − 2M`2)δ(r −R(t)) , (30)
3`2
{
2r2
(
`2 + 2r2
)
(r4 + `2r2 − 2M`2)2hrr +
1
r
∂r
[
r2htt
r4 + `2r2 − 2M`2
]}
= − 64pim0`
4rR′(t)2T˙
(r4 + `2r2 − 2M`2)2 δ(r −R(t)) , (31)
6in addition to a longer and not so enlightening equation from the {ψψ} component, which we avoid presenting. The
remaining equations are either trivially satisfied or linearly dependent on the former. It is straightforward to solve
the system (29-31) and the final result is
htt(t, r) =
C1
r2
− r
4 + `2r2 − 2M`2
3`2r2
C2(t) +
64pim0E
3r2
Θ(r −R(t))
[
1− 2 r
4 + `2r2 − 2M`2
R(t)4 + `2R(t)2 − 2M`2
]
, (32)
hrr(t, r) =
C1
r2
+
64pim0E
3r2
Θ(r −R(t)) . (33)
Here, C1 is a constant and C2 represents an arbitrary
function of t. We have used Eq. (19) to replace T˙ in (31).
It can be checked that this solution also satisfies the
remaining independent equation arising from the {ψψ}
component. The solution for the asymptotically flat case
can be easily obtained by taking the `→∞ limit.
Some comments regarding the solution (32-33) are now
in order. The terms not proportional to m0 are obviously
not sourced by the test particles. The terms proportional
to C1 correspond to a simple (static) perturbation of the
mass parameter. On the other hand, the time-dependent
term C2(t) can be gauged away by using the residual
gauge freedom discussed in Appendix A. Thus we may set
C1 = C2(t) = 0. The component hrr then takes exactly
the form that would be expected: it is proportional to
r−2 and to the Heaviside function Θ(r−R(t)). The {tt}
component, on the other hand, is more involved, though
still proportional to Θ(r − R(t)). It appears to grow
as r2, but this is again a gauge artifact. The residual
gauge freedom can also be used to eliminate the entire
second term inside the square brackets in Eq. (32), at
the expense of introducing some nontrivial behavior for
r < R(t). Stated differently, if we completely gauge fix
by requiring the metric perturbations to decay as r →
∞, then htt = hrr = O(r−2) for r > R(t). In that
case, htt = hrr for r > R(t) although htt then acquires
nontrivial support inside the test shell.
Nevertheless, it is the hrr component that determines
the mass of the spacetime. This can be computed us-
ing the quasilocal stress tensor formalism of Ref. [24],
which relies on a counterterm subtraction method. For
an asymptotically AdS5 spacetime the required countert-
erms to render the boundary stress tensor finite have
been identified in [24], to which we refer for details of
the computation. A long but straightforward calculation
reveals that the variation in the mass of the spacetime is
given by
δM = lim
r→∞
3
64piG
∫ 2pi
0
dφ
∫ 2pi
0
dψ
∫ pi
0
dθ sin θ
×
[
r2hrr − (`2 + 8M)`
2htt
8r2
]
=
8pi2m0E
G
, (34)
i.e. it is determined by the net energy m0E of the test
particles (the factor of 8pi2 accounts for the integration
of the continuous distribution over the 3-sphere).
We conclude that the test shell in this nonrotating set-
ting has the effect (at linear level) of adding an energy
8pi2m0E/G to the background spacetime.
B. The rotating case
In the fully rotating case we have four functions of
t and r to solve for. The linearized Einstein equations
are very lengthy but can be reduced to a system of four
equations (see Appendix B): a decoupled second order
partial differential equation (PDE) for hψψ, a coupled
ordinary differential equation (ODE) that determines htψ
once hψψ is given, and two constraint equations that fix
hrr and htt once the other two nontrivial components
are known. In the rotating case the non-homogeneous
PDE for hψψ does not seem possible to solve in closed
form. Nevertheless, one can find a solution in the form
of an asymptotic expansion in powers of 1/r and 1/R(t)
near the boundary of AdS. This is in fact all we need to
compute the conserved charges of the test shell.
Given the general form of the differential equations
being solved — with source terms proportional to delta
distributions and step functions — we seek solutions of
the form
hµν(t, r) = ηµν(R(t), r)Θ(r −R(t)) , (35)
for some tensor field ηµν(R(t), r).
This is also what is expected on physical grounds: per-
turbations preserving the full U(2) spatial symmetry of
the background vanish inside the shell, modulo a residual
gauge freedom similar to the nonrotating case. Inserting
this ansatz in Eqs. (B1-B4) we obtain a system of differ-
ential equations coming from the terms proportional to
Θ(r −R(t)), which are supplemented by a set of bound-
ary conditions stemming from the terms proportional to
δ(r −R(t)) and δ′(r −R(t)) (see Appendix C).
Let us focus on the decoupled equation (B1) governing
the component hψψ. Application of the ansatz (35) re-
turns a long nonhomogeneous second order PDE for ηψψ.
It can be shown that
η
(p)
ψψ(r) =
32pim0`
2a (2aE − 3Lψ)
(a2 − 3`2) r2 (36)
is a particular solution of this nonhomogeneous equation.
A close examination reveals that the associated homoge-
neous equation is separable, ηψψ(R, r) = Σ(R)σ(r). The
7solutions for each of the two functions σ and Σ can be ex-
pressed in an asymptotic power series in 1/r and 1/R(t),
respectively, and the result is
η
(h)
ψψ(R, r) =
∫ ∞
0
dκ α(κ)
[ 1
r2
+
κ2`4
12r4
+
−128a2M + 384`2M − 28`6κ2 + `8κ4
384r6
+O(r−8)
]
×
[
1 +
κ2E2`6
2(E2`2 − L2ψ)R2
+
κ2E2`8
(
E2`2(`2κ2 − 8) + 12L2ψ
)
24(E2`2 − L2ψ)2R4
+O(R−6)
]
. (37)
Here, the integration variable κ is the separability constant and the integration stems from the basic fact that any
linear combination of solutions — parametrized by κ — will also give a solution to the homogeneous equation. Defining
Ai ≡
∫ ∞
0
dκ κ2iα(κ) , i = 0, 1, 2, . . . (38)
we may write the general asymptotic solution as
ηψψ(R, r) =
32pim0`
2a (2aE − 3Lψ)
(a2 − 3`2) r2 +
A0
r2
+
A1`
4
12r4
+
A1E
2`6
2(E2`2 − L2ψ)r2R2
− A0(a
2 − 3`2)M
3r6
− 7A1`
6
96r6
+
A2`
8
384r6
+
A2E
2`10
24(E2`2 − L2ψ)r4R2
−
A1E
2`8
(
2E2`2 − 3L2ψ
)
6(E2`2 − L2ψ)2r2R4
+
A2E
4`12
24(E2`2 − L2ψ)2r2R4
+ . . . , (39)
where the dots refer to higher order terms in 1/r and 1/R
that when evaluated at r = R(t) become O(R−8).
The constraint (C3) yields the simple boundary condi-
tion L2ψηψψ(R,R) = 0. If Lψ 6= 0 this fixes the parame-
ters Ai to be
A0 = −32pia`
2m0 (2aE − 3Lψ)
(a2 − 3`2) , (40)
A1 = 0 , (41)
A2 = −
4096piaMm0 (2aE − 3Lψ) (E2`2 − L2ψ)2
`6
(
33E4`4 − 18E2`2L2ψ + L4ψ
) . (42)
Thus, the solution at this point takes the simpler form
ηψψ(R, r) = −512piaM`
4m0E
2
3r6R4
(
r2 −R2) (2aE − 3Lψ)
× E
2`2
(
r2 + 2R2
)−R2L2ψ
33E4`4 − 18E2`2L2ψ + L4ψ
+ . . . . (43)
To complete the determination of hψψ we must also im-
pose the boundary conditions (C4) and (C5). Plugging
the solution (43) in either (C4) or (C5) returns an equa-
tion of the form
m0L
2
ψ Y (R) = 0 , (44)
where Y (R) is an unenlightening rational function of R.
So the boundary conditions can only be satisfied — for
generic values of the radial position of the test shell — if
Lψ = 0 (assuming m0 6= 0, otherwise there would be no
test particles). In this case the asymptotic solution (39)
satisfying boundary conditions (C4) and (C5) turns out
to be
ηψψ(R, r) ' −
1024pia2M`2m0E
(
r4 + r2R2 − 2R4)
99r6R4
,
(45)
which can equally be obtained by taking the limit Lψ → 0
in (43).
We conclude that, in general, the (hyperbolic) PDE
for the component hψψ has no nontrivial solution satis-
fying the boundary conditions. The only consistent case
is Lψ = 0, for which an asymptotic solution can indeed be
found. In other words, a shell of perfect fluid dust pre-
serving the full spatial symmetry of the background but
not co-rotating with the spacetime is inconsistent with
the linearized Einstein equations. Thus, we restrict to
Lψ = 0 in the remainder of this section. It is easy to see
from Eq. (21) that in this case the motion of the (null)
test shell indeed describes a full collapse, i.e., a bounce
never occurs.
Following the same strategy, we can now straightfor-
wardly compute the remaining nontrivial metric pertur-
bation components by integrating Eqs. (B2-B4). In do-
ing so, we must keep terms up to the order O(r−6), in-
cluding terms up to order r−4O(R(t)−2), r−2O(R(t)−4),
O(R(t)−6), and r2O(R(t)−8), which contribute at the
same order when imposing the boundary conditions at
r = R(t). The final result is
8hψψ(t, r) '− 1024pia
2M`2m0E
99
Θ(r −R(t))r
4 + r2R(t)2 − 2R(t)4
r6R(t)4
, (46)
htψ(t, r) '128piaM`
2m0E
3
Θ(r −R(t))r
4 −R(t)4
r2R(t)8
, (47)
hrr(t, r) '64pim0E
3r2
Θ(r −R(t))
[
1 + 32 a2M
2r2 + 3R(t)2
99 r2R(t)4
]
, (48)
htt(t, r) '64pim0E
3r2
Θ(r −R(t))
[
1− 2r
4 + `2r2 − 2M`2
R(t)4
+
a2M
99
(
16
R(t)4
− 34
r4
− 396r
2(r2 + `2)
R(t)8
)]
. (49)
This is in full agreement with the exact result obtained
for the nonrotating case: this asymptotic solution reduces
to Eqs. (32) and (33) when a = 0 (up to higher order
corrections in powers of R(t)−1). Observe that we cannot
take the flat limit ` → ∞ consistently from the above
asymptotic solution: terms of subleading order in powers
of R(t) — which are being discarded in Eqs. (46–49) —
will generically introduce extra factors of `.
In writing the above solution we have set some in-
tegration constants to zero in order to retain only the
part sourced by the test shell that interests us. Expres-
sions (46) and (48) explicitly show that hψψ and hrr both
decay as r−2. As in the nonrotating case, here we can
also resort to the residual gauge freedom to eliminate
the O(r2) terms that appear in (47) and (49), at the
expense of introducing nontrivial behavior for r < R(t)
[see Appendix A]. It turns out that after performing this
residual gauge fixing the component htψ becomes of the
order O(r−4).
Adopting the quasilocal stress tensor approach of [24],
these linear perturbations determine the variation of the
mass and angular momentum of the spacetime, which are
given by
δM = lim
r→∞
1
64piG
∫ 2pi
0
dφ
∫ 2pi
0
dψ
∫ pi
0
dθ sin θ
×
[
3r2hrr +
2r2
`2
hψψ − r
3
`2
∂rhψψ
−3`
4 + 24`2M + 8a2M
8r2
htt
]
=
8pi2m0E
G
,
(50)
δJψ = lim
r→∞
1
64piG
∫ 2pi
0
dφ
∫ 2pi
0
dψ
∫ pi
0
dθ sin θ
× [2r2htψ − r3∂rhtψ] = 0 . (51)
Note that the result for the increment in mass is the
same as in the nonrotating case, Eq. (34): the finite terms
(in the limit r → ∞) coming from hrr that are pro-
portional to a2M exactly cancel the contribution from
hψψ. The variation in the angular momentum vanishes,
as expected, since we considered a corotating test shell.
To be precise, the quantity computed in Eq. (51) is the
change in the ψ−component of the angular momentum
of the spacetime — the only component that is initially
nonzero. The variations of the other two angular compo-
nents trivially vanish.
In the spirit of holographic renormalization, the bulk
coordinates are naturally split as xµ = (r, xi), with
xi = (t, ψ, θ, φ), and the radial coordinate r is interpreted
roughly as an inverse energy scale from the dual field the-
ory point of view. The quantities computed above are
simply proportional to the {tt} and {tψ} components
of the one-point function of the (perturbed) dual stress-
energy tensor. More generally, the expectation value of
the boundary stress-energy tensor is dictated, via the
quasilocal stress tensor Tij , by the asymptotic behavior
of the metric [23, 24]:
〈
Tij(x
k)
〉
= lim
r→∞ r
2Tij(r, xk) . (52)
We refer the reader to [24] for the explicit expression of
the quasilocal stress tensor.
For completeness, we present the results for the per-
turbation induced by the collapsing test shell on the one-
point function of the boundary stress-energy tensor:
〈δTtt〉 = 4m0E
G`
, (53)
〈δTψψ〉 = 4m0E`
3G
(
1− 128a
2M
99R(t)4
)
, (54)
〈δTψφ〉 = cos θ
2
〈δTψψ〉 , (55)
〈δTθθ〉 = m0E`
3G
(
1 +
64a2M
99R(t)4
)
, (56)
〈δTφφ〉 = cos
2 θ
4
〈δTψψ〉+ sin2 θ 〈δTθθ〉 . (57)
All other components of 〈δTij〉 not related by symmetry
vanish. This calculation also uncovers an interesting ef-
fect: although the actual radial location of the test shell
does not influence the energy and momentum density,
there is an explicit dependence on R(t) in the spatial
components, which corresponds to pressures and shear.
9V. DISCUSSION
In this work we have studied the collapse of a rotating
shell of null test particles towards a five-dimensional ro-
tating black hole in asymptotically AdS spacetime with
equal rotation parameters. We employed a perturbative
approach by considering the aforementioned black hole
geometry as a fixed background, and studying the (lin-
earized) effects of a test shell preserving all the rotational
symmetry of the spacetime.
We first considered the nonrotating case, which is in-
structive because the linearized Einstein equations can
be solved exactly. The presence of the shell increases
the total energy of the spacetime by an amount precisely
equal to the mass of the shell. For the fully rotating case,
we were only able to solve the perturbation equations
asymptotically. Nevertheless, this was sufficient to show
that the introduction of a continuous and homogeneous
distribution of (noninteracting) test particles preserving
the U(2) symmetry of the equally rotating Myers-Perry-
AdS5 background is only consistent if the angular mo-
mentum parameter of the particles vanishes, Lψ = 0,
i.e., if the shell is corotating with the background.
In practice, the noninteracting character of the test
particles constituting the shell, which is sourcing the per-
turbations, translates into the shell equation of state be-
ing that of dust. The above conclusion implies that, if
we want to consider a general Lψ 6= 0 case, we must add
extra terms to the stress-energy tensor to alter the an-
gular momentum of the black hole. Roughly speaking,
the perfect fluid form of the stress-energy tensor does
not carry the appropriate charge to affect the spin of
the black hole, and consistency of the linearized Einstein
equations for Lψ 6= 0 requires the introduction of addi-
tional forces. The angular momentum of the test shell
should be given by an off diagonal element of the stress-
energy tensor, namely T tψ. So one expects that at least
some momentum flux is needed for consistency. This is
indeed confirmed by an exact treatment that will be pre-
sented elsewhere [33].
It seems very likely that our results for the five-
dimensional equally spinning Myers-Perry-AdS black
hole generalizes to all odd higher dimensions, since the
structure of the linearized equations remains unaltered.
In particular, there should still be four independent equa-
tions governing the perturbations, even though the total
number of degrees of freedom grows as D2. This is a
consequence of the high degree of symmetry we impose
on the perturbed spacetime. The specific case we studied
has equal angular momenta in the two independent ro-
tation planes but in less symmetric situations we expect
similar results [34]. In particular, a thin dust shell in
such a spacetime must be corotating; otherwise, it must
be composed of a nonperfect fluid.
As a byproduct of our studies, we derived explicit ex-
pressions for the change in mass and angular momentum
of these spacetimes induced by the test shell though the
gravitational perturbations it sources. The counterterm
prescription we adopted [24], also known as the quasilocal
stress tensor formalism, reproduces the expected results.
In any case, the expressions obtained, Eqs. (50) and (51),
are generically valid for gravitational perturbations of
these spacetimes that preserve the background angular
symmetry and its AdS asymptotics. This provides a hint
that this procedure may also give consistent results in
a nonlinear situation, e.g., a backreacted collapse or BH
collision in AdS, provided the gauge is suitably chosen,
namely that the spacetime is asymptotically locally AdS.
A point worth mentioning is related to the explicit time
dependence in the asymptotic solution found for the ro-
tating case, Eqs. (46-49). As discussed in [13, 35], even
though the full angular symmetry of the background is
preserved by the perturbations considered, the Birkhoff-
Jebsen theorem can be evaded in odd dimensions. There-
fore, the spacetime outside the test shell need not be
static, or even stationary, as it turns out to be the case.
In this investigation we have resorted to gauge fixing in
order to solve the perturbation equations. Alternatively,
we could have chosen to work with a gauge-invariant for-
mulation, as done in Ref. [31] to study sourceless pertur-
bations. It would be interesting to extend that technol-
ogy to nonvacuum perturbations.
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Appendix A: Gauge transformations
It is convenient to decompose the metric perturbation
into scalars, vectors and tensors according to their trans-
formation properties under a general transformation of
the angular coordinates {ψ, θ, φ}. Thus we have four
scalar components hAB , two vectors hAi and one ten-
sor hij , where A,B = t, r and i, j = ψ, θ, φ. Each of
these sectors can be expanded in terms of Wigner func-
tions DJKM (ψ, θ, φ), see reference [31]. In five dimensions
there exist two commuting angular momentum operators
whose Casimir operators coincide. The Wigner functions
are the eigenfunctions of these operators.
Given the high degree of symmetry of the matter dis-
tribution we are assuming, namely U(1) × SU(2), the
induced metric perturbation will preserve the symmetry
of the background. This implies that only the zero-mode
(J = M = K = 0) of the expansion in Wigner functions
can be excited and these modes decouple from the rest.
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According to [31] there are only seven independent
components in the perturbation zero-mode,
{htt , htr , hrr , htψ , hrψ , hψψ , hθθ} , (A1)
while the four components hµθ with µ 6= θ vanish identi-
cally and the remaining components are given by
htφ =
cos θ
2
htψ , hrφ =
cos θ
2
hrψ , (A2)
hψφ =
cos θ
2
hψψ , hφφ = sin
2 θ hθθ +
cos2 θ
4
hψψ .
Under an infinitesimal coordinate transformation the
metric perturbation transforms as
hµν −→ hnewµν = hµν +∇(µξν) . (A3)
In order not to spoil the symmetries of the background
we will consider only gauge transformations of the form
ξµ = (ξt, ξr, ξψ, 0,
cos θ
2 ξψ) with ξt,r,ψ being functions of t
and r only. By choosing
ξt = − f
2
2rΩ
[
hrψ +
(
1− 2r
2(f2 − Ω2h2)
h2f2
)
ξψ
r
+
∂rξψ
2
]
,
ξr = −
∫ [
2htr +
2
r
ξt + ∂rξt − 2(`
2 + 2r2)
r`2f2
(ξt + Ωξψ)
]
dr,
ξψ = −(r2 + r−2)
∫ r
1
J(t, r˜) (r˜2 − r˜−2)
8r˜
dr˜
+ (r2 − r−2)
∫ r
1
J(t, r˜) (r˜2 + r˜−2)
8r˜
dr˜ , (A4)
with
J(t, r) =
8r3Ω
f2
(
htr + Ωhrψ − 2g
2
r
∂thθθ
)
−8r
3 − 2rh2
h2
hrψ − 2r2∂rhrψ , (A5)
we manage to eliminate the components htr, hrψ, hrφ
and hθθ, thus bringing the metric perturbation to the
form (28).
The gauge fixing we have just performed still
leaves some residual gauge freedom: one can still
make a coordinate transformation defined by ξresµ =
(ζt, 0, ζψ, 0,
cos θ
2 ζψ), with
ζt(t, r) = ω1(t)r
2 + ω2(t)r
−2 , (A6)
ζψ(t, r) = −a
(
1 +
r2
`2
)
ω1(t) +
r4 + `2r2 − 2M`2
2aM`2r2
ω2(t) .
This leaves all the components unaltered except for htt
and htψ which transform as
htt → htt − a
(
1 +
r2
`2
)
ω′1(t) +
r4 + `2r2 − 2M`2
2aM`2r2
ω′2(t) ,
htψ → htψ + r
2
2
ω′1(t) +
1
2r2
ω′2(t) . (A7)
Several of the equations between (A4) and (A7) break
down in the nonrotating limit, where a = 0. This case
must be dealt with separately, but it is naturally simpler.
Assuming spherical symmetry of the background and of
the perturbation, the only nonvanishing components of
hµν are {htt, htr, hrr, hψψ, hψφ, hθθ, hφφ}. However, the
latter three components are determined by hψψ:
hψφ =
cos θ
2
hψψ , hθθ =
hψψ
4
, hφφ =
hψψ
4
. (A8)
By making a gauge transformation of the form ξµ =
(ξt, ξr, 0, 0, 0), with ξt,r given by
ξt =
r4 + `2r2 − 2M`2
r2
∫ [
`2r3 ∂thψψ
(r4 + `2r2 − 2M`2)2
− 2r htr
r4 + `2r2 − 2M`2
]
dr ,
ξr = − `
2r hψψ
r4 + `2r2 − 2M`2 , (A9)
we can eliminate htr and hψψ and thus in the nonrotating
case we can gauge fix the metric perturbation to take the
form
hµν = diag{htt(t, r), hrr(t, r), 0, 0, 0} . (A10)
There is still some residual gauge freedom left. Namely,
by performing a coordinate transformation defined by
ξresµ =
(
r4+`2r2−2M`2
r2 ω0(t), 0, 0, 0, 0
)
, with ω0(t) being a
generic function of time, the {rr} component remains
unaltered while the {tt} component changes as
htt → htt + r
4 + `2r2 − 2M`2
r2
ω′0(t) . (A11)
This exhausts the amount of gauge freedom initially
present in the metric perturbation tensor.
Appendix B: Equations governing linear perturbations in the rotating case
The spherically symmetric case a = Lψ = 0 is a very special particular case in which one can solve the perturbation
equations exactly. In this appendix we consider the more general case a 6= 0, Lψ 6= 0.
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Plugging the metric perturbation ansatz into the linearized Einstein equations one finds that seven of these equations
are automatically satisfied, leaving 8 nontrivial equations. Upon partial integration the full system reduces to just
four independent equations. Specifically, we get a decoupled PDE for the component hψψ,
3`2(r4 + 2a2M)2
r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2 ∂
2
t hψψ −
3(r4 + 2a2M)
(
r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2)
`2r4
∂2rhψψ
−3(r
4 + 2a2M)
(
3r10 − 3`2r8 + 18`2Mr6 − 16a2`2Mr4 + 20a2M2(a2 − `2)r2 + 12a4`2M2)
`2r5(3r4 + 2a2M)
∂rhψψ
+
12(r4 + 2a2M)
(
3r8 + 6`2r6 + 2M(2a2 + 3`2)r4 + 20a2`2Mr2 − 4a2M2(a2 − `2))
`2r4(3r4 + 2a2M)
hψψ
+
3072pim0aM(r
4 + 2a2M)(2aE − 3Lψ)
r2(3r4 + 2a2M)
Θ(r −R) + 64pim0(r
4 + 2a2M)
`2r7
χ1(t, r)δ(r −R) = 0 , (B1)
a coupled ODE for htψ and hψψ , which can be suggestively expressed as
∂r
(
1
r3
∂r
(
r2htψ
))
=
1
r3(r4 + 2a2M)(3r4 + 2a2M)(r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2)
×
{
2aMr2(r4 − 2a2M)(r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2) ∂2rhψψ
− 2aMr
(3r4 + 2a2M)
[
− 3r14 + 9`2r12 + 14M(a2 − 3`2)r10 + 46a2M`2r8
−4a2M2(5a2 − 6`2)r6 − 4a4M2`2r4 + 8a4M3(a2 − `2)r2 + 8a6M3`2
]
∂rhψψ
− 8aM
(3r4 + 2a2M)
[
3r14 + 9`2r12 − 6M(a2 − 3`2)r10 + 26a2M`2r8
−4a2M2(7a2 − 6`2)r6 − 20a4M2`2r4 − 8a4M3(a2 − `2)r2 − 8a6M3`2
]
hψψ
−4096pim0a
2M2`2(2aE − 3Lψ) r8
(3r4 + 2a2M)
Θ(r −R) + 64pim0r
3
3
χ2(t, r)δ(r −R)
}
, (B2)
and two constraint equations determining hrr and htt ,
hrr =
r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2
`2r(3r4 + 2a2M)
∂rhψψ − 2r
6 + `2r4 − 2a2M`2
`2r2(3r4 + 2a2M)
hψψ
+
64pim0
(
Er4 + 2aM(aE − Lψ)
)
r2(3r4 + 2a2M)
Θ(r −R) , (B3)
htt = −r
6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2
2`2r(3r4 + 2a2M)
∂rhψψ − 2r
6 + `2r4 + 2a2M(r2 + `2)
`2r2(3r4 + 2a2M)
hψψ
−r
6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2
4aM`2r
∂rhtψ +
r6 + `2r4 − 2M(a2 + `2)r2 − 2a2M`2
2aM`2r2
htψ
+
16pim0
(
4aM`2Er2 + Lψ
[
3r6 + 3`2r4 + 2M(a2 − 3`2)r2 + 2a2M`2])
aM`2(3r4 + 2a2M)
Θ(r −R) , (B4)
where R = R(t) is to be understood as a function of t, and for convenience we have introduced in Eqs. (B1) and (B2)
the following functions multiplying the delta distributions:
χ1(t, r) ≡ −4a2M`2Er2 + Lψ
[
6aM`2r2 − r2(3r4 + 2a2M) (R
4 + `2R2 − 2M`2)Lψ + 2aM`2E
ER4 + 2aM(aE − Lψ)
]
+
4a2M`6r6
(
ER4 + 2aM(aE − Lψ)
)
R′(t)2
(r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2) (R6 + `2R4 + 2M(a2 − `2)R2 + 2a2M`2) , (B5)
χ2(t, r) ≡ 4aM`2Er2(3r4 + 10a2M) + 4aM`
4r6(3r4 + 2a2M)
r6 + `2r4 + 2M(a2 − `2)r2 + 2a2M`2R
′(t)2T˙ (τ)
+Lψ
[
3
(
3r10 + 3`2r8 + (8a2M − 6`2M)r6 + 8a2M`2r4 + 4a2M2(a2 − 5`2)r2 + 4a4M2`2
)
+4aM`2r2(3r4 + 2a2M)Ψ′(t)
]
. (B6)
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In writing these equations we have dropped a couple of integration constants. This is justified since we are looking
for perturbations that are sourced by the test shell. Thus, the procedure is to (i) find a solution of the PDE for the
component hψψ, (ii) replace it in the coupled ODE and determine the solution for htψ, and (iii) obtain components
hrr and htt from the constraints (B3) and (B4).
Appendix C: Strategy to solve PDEs with
distributional sources
The equation (B1) is a second order nonhomogeneous
PDE, with source terms proportional to distributions,
namely the Heaviside function and the Dirac δ-function.
It is convenient to recast the problem as a homogeneous
PDE with prescribed boundary conditions dictated by
the nonhomogeneous terms. This can be done as follows.
Plugging in solutions of the form (35) the differential
equation will take the general form
S(R(t), r) Θ(r −R(t)) + P (R(t), r) δ(r −R(t))
+Q(R(t), r) δ′(r −R(t)) = 0 . (C1)
One concludes immediately that the coefficient of the
Heaviside function must vanish since it is the only term
with support away from r = R(t). By integrating in r
or in R we obtain three other constraints that may be
regarded as boundary conditions. The final result is
S(R, r) = 0 , (C2)
Q(R,R) = 0 , (C3)
P (R,R)− ∂rQ(R,R) = 0 , (C4)
P (R,R) + ∂RQ(R,R) = 0 . (C5)
In fact, assuming Q to be an analytic function in the vari-
able r, Eq. (C5) can be derived from Eqs. (C3) and (C4),
so it need not be imposed separately.
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